Count Panel Data

Example Questions and Solutions

230347: Advanced Microeconometrics

Question 1

Conditional Likelihood for Static Fixed Effects Poisson

The likelihood for individual ¢ in a static fixed effects Poisson model is given by:
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Show that the likelihood conditional on 23:1 y;+ does not depend on the fixed effect ;. For this, you should

use the following theorem about Poisson-distributed random variables:

IfY; ~ Pu), t =1,2,...,T, are independent random variables and if Z;T:l iy < 0o, then
Sy = Zthl Yi~P (ZtT:1 :“t)

Solution

Using the fact about the sum of independent Poisson-distributed random variables:
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The conditional likelihood is then:
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which does not depend on «;.

Question 2

Linear Feedback Model

Consider the model:
Yit = PYir—1 + @ exp (Bi) + it i=1,...,N andt=1,2,3

where E [ui| 1, - . -, Tit, Yi1, - - -, Yir—2] = 0. Notice that x;; is a scalar, and that T' = 3.

(i) Show that for the third time period for individual ¢ there is a quasi-differencing transformation g;3 (0),

where @ = (p, 3)’, that removes the fixed effect o; and satisfies E [g;3 (0) |21, Z40, Ti3, yi1] = 0.

(ii) Write down a valid instrument matrix Z; using as many instruments that are available and show that
E[Z}q:(0)] = 0.

(iii) Describe how you would estimate 8 with one-step GMM to get the first-step estimates 51. You do not
need to specify the first-step weight matrix.

(iv) The estimator of the variance-covariance matrix for the second-step GMM estimates 0, is:
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where m; (8) = Z.q;3 (6) and where
Wa () = 3 3 2 (01)] [zl (0]
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is the second-step weight matrix. Write down % Zf\il 8";;9(6) oup explicitly.
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Solution

(i) Let Ajz = exp (Bzst). Then:
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(ii) Since T'= 3 we can only use the last time period (since we need two lags of y;; for the quasi-differencing).

A valid instrument matrix using all available instruments is:
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By the law of iterated expectations:
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(iii) The sample analogue of our moment condition E [Z}g;3 (6)] = 0is & Zfil m; (0) = + Ziil Z'qi3(0),

or more explicitly:
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The first-step estimate is then:
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where W is a 3 x 3 positive definite matrix.

(iv) Recall
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The full derivative matrix is then:
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Evaluating this at 8 = @2 gives the desired answer.

Question 3
Static Poisson with Gamma-Distributed Random Effects
The model is y;¢|a;, Ait “d poisson (a;Ait) where Ay = exp (z},3). Given the Poisson distribution:
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«; is distributed according to a Gamma distribution with shape and rate § > 0, so the density of «; is

I (a;ld) = 1“5(?5) al ! exp (—a;0). T (z) is the Gamma function defined by I' (z) = [;° s”~le~*ds.

(i) Show that the joint density Pr (y;1,...,y) can be written as:
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(ii) Show that:
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(iii) Using (ii) and a property! of the Gamma distribution, [ v*~'e~*"dv = b=*T (z), show that we can
integrate out the random effect:
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(ii) Substituting this into the joint likelihood and rearranging terms:
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(iii) Using the given property of the Gamma distribution for the integral term in our likelihood, where
U= Qy, b = ZZ—‘:I )\it +5 and xr = Z’trzl Yit + 5;
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Substituting this back into the likelihood (using Pr (y;1, - - . , yiT|Ai, ) = fooo Pr(yit, .-, yir|Aiy ;) f (o|d) dev;):
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