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Introduction

> Suppose the dependent variable is a binary variable: y; € {0,1}.

> We often model y;: as a function of a latent variable y};, where y;; = 1 {y; > 0} and
Vi =x.B+ ai +¢cir.

» Then Pr(y; = 1) =Pr(y; > 0) = Pr (et > —x,8 — a;j) = F (x,3 + «;), where the last
equality holds if dF (-) is symmetric around zero.

» Two popular distributions for F are the normal (probit) and logistic (logit) distributions.
» In this lecture we will study:

» How to estimate the static fixed effects logit model.

> How to estimate the dynamic fixed effects logit model.

> How to estimate the random effects probit model.
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Interpretation as Difference in Payoffs

» The latent variable y; can have the interpretation of being the difference in payoff from
two different alternatives:

0 0/ 0, .0
up = (%) B+ o} + ¢
1 1/ 1, .1
up = (xit) B+ i +¢j;

> yi = 1iff ui > u? (if alternative 1 gives a higher payoff than alternative 0).

» Then:
u,-lt—uf-)t:(x1 ),8+(a —a)—l—e,t—e?t
—— %,_/ — ~—

* / i Ei
Yit X8 % it

> Often the alternative 0 is the “outside option” where x2 =

» |If we assume 5 and 5 are normal, then the difference ¢;; is also normal.

> If we assume €% and e}, are independent Type | extreme value (Gumbel), then the
difference ¢;; is logit.
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Likelihood

» The contribution of i to the likelihood for binary outcome panel data is:
Yit 1—yi

;
f (yilxi, a1, 8) = [ [ | F(ci + xi8) 1 - F(aj+ x;3)
t=1

=Pr(yir=1|x;,;,3) =Pr(y;=0|x;,;,3)

> If F(x)= 1+ex (logit):

1*}/it
exp (a; + x.B
f (yilxi, o, *
(vilxi, i, B) = tljll(l—&—exp oz,—l—x,t,B)) <l—|—exp (ci +x,t,6))

exp (Zt L yie (o + x3.8)
Ht 1[I+ exp (i + x.8)]
op (0 vi) exp (S (ext) B)
T1; [1+ exp (ai + x,8)]
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Incidental Parameters Problem

» The parameters are ({Oé,}:jv »ﬂ)

» As N — oo while T is fixed, the number of parameters increases with N.
» This is the incidental parameters problem.

» In the linear case, we were able to remove the «; with either first-differences or the within
transformation.

» In nonlinear cases, this transformation is not always possible.

» We could just add a dummy variable for each /, but in this setting the @; and ﬁ are not
asymptotically independent.

» As N — oo with fixed T, the inconsistency of @; is transmitted into ,@

» For example, Hsiao (2003, 7.3.1) shows that when T =2, x5 = 0 and x2 = 1, that
Buie 5 28.

» Furthermore, with large N estimation of N + dim (3) parameters is difficult.
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Sufficient Statistic: Definition

» Let X = Xi,..., Xy be a random sample from a population.
» The random variable (or random vector) T (X) is a statistic.
> For example T (X) = & S°M, X, the sample mean.

> A statistic T (X) is a sufficient statistic for the parameter 0 if the conditional distribution
of the sample X given T (X) does not depend on 6.

» For example:
» The parameter 0 that we want to estimate is the mean of X.

> The statistic T (X) = & SN, X; is a sufficient statistic for 6 because once the researcher

knows ﬁ Z,N:1 X;i, then knowing each of the individual Xi,..., Xy provides no additional
information about 6.
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Sufficient Statistic: A Coin Toss Example
» Each X; are iid Bernoulli distributed with probability parameter 6.

» Given a random sample X, ..., Xy, we will show that T(X)=X;+---+ Xy is a
sufficient statistic for 6.
» Since T (X) is a sum of iid Bernoulli draws, T (X) follows a binomial (NN, #) distribution.
> lts pmf is then q (T (x)|0) = (})60* (1 —6)" ¥
» The pmf of the sample X conditional on T (X) is then (where k = Zf\lzl X;):
p(xl0) _ IIr,0°(1-6)""
a(T(x)10)  (Myex(1—o)"*
Oty X (1— Q)vazl(l—xf)
(M-
ok (1 — g)N* 1

= (’2’)9" - Q)N—k = m doesn’t depend on 6!
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Sufficient Statistic for «;, T = 2 Case

» We will show that ¢ = Z;l yi is a sufficient statistic for a; in the fixed effects logit
model, showing for T = 2 first.

» Forc=0and c =2:

1
14 ea;+><,-’16] [1 + eaf+X,’2ﬂ]
i txX1B o eitxpp

1+ eitxaB] [1 4 eitxaf]

Pr(yii+y2=0)=Pr(y1=0,y2=0) = [

Pr(yvi+ye=2)=Pr(yn=1yp=1)= [

» For c=1:

Pr(yvi+y2=1)=Pr(yn=0,y2 =1) +Pr(yin =1,y = 0)
ea,'+x,-/15 + ea,'+x,-/25
[1+ extxaf] [1 + exitxaf]
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T = 2 Case Continued

> If ¢ =0 or ¢ = 2, then the conditional likelihood is always 1 (and thus doesn’t depend on
Oé,')i

» If yi1 + yio =0, then Pr (}/il =0,yn = O‘}/il + yio = 0) =1

> fyn+yo=2thenPr(yn=1yp=1yn+y2=2)=1
> If c=1:

Pr(yi1, Yielyin + yiz = 1)
Pr(yi1, yi2)

Pr(yn+yn=1)
[eyf1(ai+X/1B) % eyfz(ai+></2/3)] / [1 + ea;+x,ﬁﬁ} [1 + ea;+></26}

[eaf+x,-’1,3 + eCE/‘"FX,-/zB] / [1 + eaf+x{1[3] [1 + ea,-+><l.’26]

eyinaitynpa eyi1X,-/15+)/i2X,-/zﬂ

ea,‘+x’_’1ﬁ + ea,-+X,-/2ﬁ
oYX B+yxph

= AT doesn't depend on «;!
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T = 2 Case: Estimation

» Conditioning on y;1 + yi» means the conditional likelihood no longer depends on «;.

» We would then estimate 3 using:

N ’ ’
—~ e}’ilxnﬁ"'}’izxfzﬁ
= arg max log | —————
6 gﬁ Z g ( exl.lﬂ + eXIZB

i=1

» Note that whenever y;; 4+ yi» = 0 or = 2, the log-likelihood is zero for any value of 3, so
identification only comes from individuals where y;; + yj» = 1.
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General Case

> Let B, = {d,- - d; € {0, 1}T , Z;l di = c}, the set of every possible sequence of T zeros
or ones such that 3./, di = c.

» For example, if T = 3, then:

0)} B, = {(1,0,0),(0,1,0),(0,0,1)}
ZS,2: ( ) ,O),(l,O, 1)7(0’171)} 63: {(17171)}

» Then:

Xn%ﬁ) = > Pr(di|x,a;,B)

diEBc
op (0 21, di ) exp (S, (dixt) B)
bt 1. (1 + exp (i + x,8)]
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Sufficient Statistic for «;
Pr (YH S i = C)
fly T
Pr (Zt:l Yit = C)
Pr(y;)
Pr (Zz—:l Yit = C)
JRTD I Y'te(ZtT:l y;tx,ft),B/Hthl (1 + ea’*‘xr‘/tﬁ)

T
L)
t=1

B “ 4 £ diex T aj+x!
g, €20 di o( S dex )8 /T, (14 et
T
exp ((thl )/itxi/t> 6)
Y deB, P ((2;1 ditx,-/t) ﬂ)

>f(J/i

Z;l Yit = c) does not depend on «;, so Zthl vit is a sufficient statistic for a;.
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Problems with this Approach

> If either Z;l yie =0 or Z;l yir = T for any i, then those observations will drop out.
» For small T, the number of alternatives is manageable:
> If T =3, then {1,1,0}, {1,0,1} or {0,1,1} are possible sequences such that 23:1 Yie = 2.

» With T =10 and Z;l Yit = b, there are ;,—%'l = 252 possible alternatives.
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Dynamic Logit: Honoré and Kyriazidou (2000)

» Suppose we have y;; = 1{pyir_1 + x,,8 + a; +jr > 0}
» ¢, is iid logistic, independent over time, and independent of x;, o, yi1.
Pr(yin = 1|x;, ;) = p1 (x;, @)

exp (pyie—1 + x40 + )
1+ exp (pyie—1 + X8 + i)

Pr(yie = 1xi, iy Yits - - -, Yie—1) =

» y;1 is observed, but x;; need not be.
» p1(-) does not need to be specified.

» To illustrate we will consider only the T = 4 case.
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Dynamic Logit: Honoré and Kyriazidou (2000)

Define the events:
A={yn1=d,yn2=0,y3=1y4 =ds}
B={y1=1diyio=1y3=0,yis = du}
where d; and d4 can each be either 0 or 1. Then:

Pr(Alx;, a;) =[p1 (xi, )] [1 = p1 (xi,00)]" !

exp (x133) exp (o) L &P (pda) exp (dax!,B)exp (dacy;)
1+ exp (x3B + aj) 1+exp(p+xj,8 + )

X X
1+ exp(pdi + x,,8 + )

exp (pd1 + x/,08) exp (o)) "

Pr(B|xi, ;) = )] 1 — )]
r(Blxi, i) =lps (xis )| 1L = pa (i ) e o)

1 " exp (dax/,B3)exp (dacy;)
14+ exp(p+ x38 + «)) 1+ exp (x/,8 + «i)
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Dynamic Logit: Honoré and Kyriazidou (2000)

» The probability of A given A or B:

Pr(Aﬁ(AU B) |X,',Oz,') o Pr(A|x,-,a,-)
Pr(AUB|x;,a;)  Pr(Alx;, ;) + Pr(Blx;, ;)

Pr (A|X,', ai, AU B) =
and similarly for Pr(B|x;, aj, AU B)
> Pr(A|x;,a;, AU B) is then (purple, blue, , maroon terms cancel):

exp(xi3) exp(pda)
1+e><p(></.’3 {3+a,-) 1+e><p(p+><,.’4{3+a;)

exp(35) exp(pds)
1+e><p(></3 ;;"}Jra,') 1+e><p(p+x/.’4;3+a, )

/ 1 1
+ exp (Pdl + Xi2ﬁ) Trexp(ptxB+ar) 1exp(xyB+ar)

» Unless x;3 = xj4 Vi, Pr(A|x;,a;, AU B) and Pr(B|x;, a;, AU B) will depend on «;.
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Dynamic Logit: Honoré and Kyriazidou (2000)

» For the subsample where xj3 = x4, the green and red terms in the probabilities
Pr (Alx;, ;) and Pr(B]x;, a;) will cancel. So:

Pr (Alx;, «;)
Pr (A|x;, ;) + Pr(B]|x;, ;)

_ exp (pda + x}38)
exp (pds + x;38) + exp (pdi + x1,3)

Pr (A|X,',C¥,',A U B,X,‘3 = X,'4) =

> Rearranging terms:

1
Pr (A|X,‘7 g, AU B, X3 = X,'4) =

1+ exp ((xi2 — xi3) B+ p(ch — )

/
2 = X; +p(d—d
Pr (Blxi, o, AU B, xi3 = xia) — exp ((xi2 X3)["f p(di — du))
1+ exp ((xi2 — xi3)' B+ p(di — da))
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Maximum Likelihood Estimation

The log likelihood function is then:

N
Z 1{y»+yiz =1} 1{xiz — xis = 0} log

i=1

exp (2 [(x2 — xi3) B+ p (yin — yia)])
1+exp ((Xi2 - x;3)' B+p(y1— yi4))

P> x;3 = Xj4 may not occur in the data. This is very likely if a variable is continuous.

» Honoré and Kyriazidou (2000) provide a kernel smoothing method with weights that
depend on x;3 — Xj4, giving more weight to “closer” observations:
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Probit Random Effects: Introduction

» Consider again the binary dependent variable model:

}/it:]].{x,-ltﬂ-l-a;—‘r{f,'t>0} i=1L....N t=1,...,T

e jid
> Instead of logit-distributed errors, we assume ¢;; ~ A (0, 1).

» In the probit model, it is not possible to remove «; with a (quasi-)differencing
transformation or conditioning on a sufficient statistic.

» Instead, we will assume the «; are random effects.

» We will assume the random effects follow a distribution that is known up to a parameter
vector.
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Likelihood

» The likelihood for observation i is:

1~

Pr(yilxi, 8, a;) = Pr (yie| xit, B, i)

t=1
T

Tl i 00 e
t=1
T

=TT (v — 1 X8 + i)
t=1

where:
> xi = (Xi1,...,xT).

> & is the cdf of the normal density

» The 4th equality uses 1 — ¢ (z) = ¢ (—2z).
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Integrating Out

» Suppose two random variables X and Y are jointly distributed with a pdf fx y.
» The marginal pdf of X is (where ) is the support of Y):

fi (x) = /y oy (x.y) dy = /y ity (xly) fy () dy
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Normally-Distributed Random Effects

If a; has a density £, («;,0,) with parameters 8,,, we can integrate out the random effect:

Pr(y,'|xi,5,9a):/ Pr(yilxi, B, o) fo (@i, 0,) dov;

Using this in our likelihood:
o T
H ¢ ([2yir — 1] [Xi/tﬂ + ai]) fa (@i, 0,) doy;

Li(8.6.) = |
T =1

2
O-(V

]
202

co T . e
H 0] ([2}/1'1’ — 1] [X,‘tﬁ + Oéi]) \/TTadai

Li(g.0%) = [
—00 t—1

N -1
If we specify a; < A (0,02), then f, (@, 0,) = <\/27m§) exp (—2

i) so:
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Gauss-Hermite Quadrature

» There is no closed form solution for this integral.
» We need to approximate it numerically.

» Gauss-Hermite quadrature can approximate integrals of the following kind:

oo H
/ f(x) e dx~ Z whf (zp)

e h=1

» We evaluate the function inside the integral for different nodes z, and take a weighted
average, with weights wy,.

» Given H evaluation points, we can obtain the nodes and weights from tables.
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Example Nodes and Weights with H = 20

library(ggplot2)

library(statmod)

ghq <- data.frame(gauss.quad(20, kind = "hermite"))

ggplot(ghg, aes(nodes, weights)) + geom_line() + geom_point() +
theme_minimal ()

0.4
0.3
12}
)
2
(]
Lo2
0.1
0.0
-3 0 3
nodes
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Change of Variables

> We need to transform the integral in L; (8,02) to the form [~ f(x) e dx.

> Let r; = \/‘;‘72 so aj = +/202r; and da; = /202 dr;.
O-OL

» Performing the change of variables:

T —5
L (8,02) = / o @ 1is o ;ﬁdoﬁ

/mm v — 1] [x8 -+ v/202r] ) - .

L [T (e 1 [+ V] o

0 t=1
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Approximating the likelihood

With weights wj, and nodes z,, we can approximate the integral with:

L) = o [ TLo (1< Varin] )
~ % i Wh f[q) ([2}’it —1] [xi/tﬁ + \/th})
h=1 t=1

This leads to the maximum likelihood estimator:

(ﬂ, Q) = arg max Z log (\/IE zi’: Whﬁ¢ ([2}/it —1] [X,-/tﬂ + @z@))

B,02 i=1
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