Binary Outcome Panel Data

Example Questions and Solutions

230347: Advanced Microeconometrics

Question 1

Fixed Effects Logit Model with T' = 2
Consider the model:
yh=xBtoit+ew i=1,...,N t=12
1 ify; >0

Yit =
0 otherwise

€;¢ are iid logistic so:

exp (@8 + a0)
Pr (yit = 1|witvﬁ7ai) = 1+ exp (:B/ 13+Za_)
it ?

(i) Show that the likelihood of Pr (y;1, yiz|®s, B, ), where @; = (x;1,@;2) can be written as:

oo (S + 24)
1+ exp (o + @}y B)] [1 + exp (i + x},0)]

Pr (yi17y¢2|$i,570¢i) = [

(ii) What is the probability that y;1 + y;2 = 17
(iii) What is the probability that y;1 = 1 and y;2 = 0 conditional on y;; + 2 = 17

(iv) Show that the individual effects a; cancel in the conditional likelihood in (iii).

Solution

(i) Since ¢ is iid logistic, the likelihood of (y;1, yi2) is:

< exp (Oéz' + w;tﬁ) ).yit ( 1 >1yit
S\ 1+ exp (i + x},8) 1+ exp (o + x},3)

<exp (yit (o + 2}, 8)) )

; 1+ exp (a; + x},8)

_ exp (yir (@i + 2, 8)) o &XP (Yi2 (i + z58))
1+ exp (o + x}1 B) 1+ exp (o + x5 3)

exp (7 i (s + ,8) )
[1 +exp (a; +x}; B)] [1 + exp (a; + z,0)]

f(yi17y12\$i7ﬁ7ai) =

[jeni®

t

[ V)




(i) If y;1 + yi2 = 1, then we have either (y;1,yi2) = (1,0) or (yi1,yi2) = (0,1). Therefore:
Pr(yi1 +yi2 = 1) = Pr((1,0)) + Pr((0,1))

Using the answer in part (i):

exp (o + x}; B)

[1+exp (a; + x}1 B)] [1 + exp (a; + @, 8)]
exp (o + x5 3)

[1+exp (a; + x}1 B)] [1 + exp (a; + x,8)]

Pr((1,0)) =

Pr ((O’ 1)) =

So:
exp (a; + &)1 B) + exp (o; + e 3)

[1+exp (e +x}; B)] [1 + exp (a; + 58]

Pr(yn +yie=1) =

(iii) The conditional probability is:

B Pr(1,0)
Pr(yi +yi2 =1)

Pr((1,0) |yi1 +yi2 = 1)

This is simply dividing equations (1) and (2) above. Since the denominators are identical, this is:

exp (o + 1 8)
exp (o + i1 3) + exp (o + x5 0)

Pr((1,0) |ya +ye =1) =

(iv)

exp (a; + x}1 8)
exp (a; + &} B) + exp (a; + x},0)
e exp (), 8)
e exp (), B) + e%i exp (x53)
_ exp (), 8)
exp (z};8) + exp (z7,3)

Pr((1,0) [y +yiz =1) =

Question 2

Dynamic Fixed Effects Logit Without Regressors

Suppose we have the model y;; = 1 {a; + pyir—1 +€ir > 0}, for t = 2,...,T, where ¢ is distributed logit.

Then:
exp (o + pYit—1)

14 exp (a; + pyii—1)

Pr(yit = 1yit—1, v, p) =

Assume Pr (y;1 = 1)a;) = p1 (o) and let Py (i, yi1) = [p1 ()] [1 — p1 (a;)]' ¥, Individual ’s contribu-
tion to the likelihood is:

T T
exp (ai Do yit) exp (p Do yit—lyit)
T
[L_s (1 +exp (o + pyir—1)]

f (yi|y7iaai7p) = p1 (o, yi1)

The goal of this exercise is to show that the likelihood conditional on y;1, y;7, and Zthz y;+ is independent

of (678



(i) Show that we can rewrite the denominator of the likelihood as:
X T,1,.+.,ZT ) .,.+ZT ]
T+ exp (s + pyie—a)] = [1+ exp ()] 727000408 "0 v (1 g (a4 )0 0er + b v
t=2

Hint: You should use that 2322 Yit—1 = Yi1 — YiT + EtT:Q Yit-

(ii) Define the set B; = {di s di1 = i1, diT = Vi, Zthz dit = ZZ;Q yit}. This is the set of possible vectors
of length T where the first element is y;1, the last element is y;7 and the sum of elements 2 to T is

23:2 yi¢. Using your answer to (i), write down:

T T
Pr (dil = Yi1, dir = yiT7Zdit = Z@ht) = Z Pr(d;)
t=2 t=2 d;€B;

explicity.

(iii) Use the answers in (i) and (ii) to show that the likelihood conditional on y;1, y;r and ZtT:1 Yt is equal

f <yi

(iv) Is it possible to identify p in this model with T'= 37 Explain why or why not.

to:
exp (P Z?:z yit—lyit)

Zdielﬂi exp (P Zthg ditfldit)

T T
v = div, yir = dir, »_ yir = Zdit> =
=2 =2

Solution
(1)

T T

H [1+exp (a; + pyir—1)] = H [1+ exp (ai)]lfyuq 1+ exp(oy + p)]yuq
t=2 t=2

= [1 + exp (ai)]EtT=2 1-yit—1 [1 + exp(ozi + p)]ZtT=2 Yit—1

_ [1 T exp (ai)]T—l—yi1+yiT—E?=2 Yit [1 + exp(ozi + p)]yil—yiT-‘rzz;z Yit

T T

Pr (du = Y1, diT = YiT, Zdit = Z%t)
t=2 t=2

> Pr(d;)

d;€B;

exp (ai Zthg dit) exp (P ZtT:Q dit—ldit)

= > pi(aida)

T
d.€B; Ht:Z (14 exp (o + pdir—1)]
- exp (O‘i ZtT:2 dit) exp (P ZtT:g dit—ldit>
= Z P1 (aiy dzl) T—l—dil"rdiT—ZT_ die dil_diT+ZT_ dir
deB [1+ exp (a;)] =291 4+ exp(ay; + p)] ' =2



(i)
T T
Pr (yi, din = Yit, dir = Yi1, Y 1o dit = Y 4o yit)
Pr (du = yi1, diT = YiT, ZZ;Q diy = Zthg yit)
_ Pr(y:)
B T T
Pr (dn =i, dim = YiTy Do dit = Y 1o Z/it)

T T
di1n = yi1, diT = yiTaZdit = Z%t) =
t=2 t=2

as knowing Zthz yit does not add to the knowledge of y,. The numerator of this resulting expression

is:
T T
€xp (ai Zt=2 yz‘t) exp (P thg yit—lyit)

[1 T exp (ai)}T—l—yil"!‘yiT—EE;Q Yit [1 + exp(ai + p)]yil—yn‘-‘rzz;g Yit

p1 (i, yin)
The denominator is the answer to (ii):

exp (Oéz‘ Zthg dit) exp (P ZtT:g dit—ldit)

51 (Oé', dl)
d§7 K [1 T exp (Ozi)}T_l_d“ +dir =37, dit [ i1 —dir+ 31 o dit

1+ exp(a; + )]’

. T T . .
Since d;1 = i1, dir = yir and >, o dir = > ,_o Yir, the denominators of these expressions cancel, as

well as the py («;,y:1). This leaves us with:

exp (ai ZZ;Q yit) exp (P Zthz yit—l%‘t)

Zdi en; €XP (ai ZtT:Q dit) exXp (P Zthz dz‘t—ldit)

Finally, since Z?:z dis = Zthz Yit, we get:

exp (P Zthz yit—lyit)

>d;eB; ©XP (P S, dit—ldit)

(iv) No. If we condition on y;; = di and y;3 = ds, then there is only one possible sequence of y;;s such that
Yio + ¥i3 = do + d3 since d3 is fixed. Since B is always a singleton set when T' = 3, the conditional

likelihood is 1 for any p.

Question 3

In this question we will consider inference in the static pooled logit model:
yir = L{z};8 4 €ir > 0}

where x;; has K elements (including a constant) and e;; is distributed logistic. Individual #’s contribution
to the likelihood is: ,
exp (Y, 3)

f (yit|wmﬁ) = W



The log-likelihood function is:

Zlog (Yitlzie. B))

=1 t=1

The maximum likelihood estimator of 3 is:

B = argmax ¢/ (B)
B

(i) Show that the jth element of the gradient of the log likelihood is equal to:

2U(B) v b (2]
5, = SN aay (W - 1+e><p(tw§tﬁ)>

=1 t=1

where §8; and z;;; are the jth elements of 3 and x4, respectively.

(ii) Show that the jth row and kth column of the Hessian of the log likelihood is:

8266 iv:ZT:e nIB xzt]xztk
aﬂjaﬁk — — [1+exp(2},8))

(iii) This part begins with describing the variance-covariance estimator for B (and more generally any

maximum likelihood estimator). Taking a Taylor series approximation of the likelihood around the true
B: . /
a2\ _ / a (3 _ " 2
w(B) =@+ @ (B-8)+;(B-8) @ (B-8)

Taking first-order conditions of this, i.e. £¢' (,@) = 0, gives our maximum likelihood estimator B:

w @)+ (B-p8) B =0
00 (B) is 1 x K and £0" (B) is K x K. Transposing and rearranging:
w () (B-8) = (B)
Pre-multiplying by [—£¢" (8)] " gives:
B-B=[-" @) [t B)

The variance-covariance matrix of the estimator [A? is then the expectation of the outer product of the

above expression:
var (B X ) =E[[-e¢" (8))" [e¢ B)) (e (B))[-¢¢" (8))'| X. 8]

where X is the matrix of all NT observations and K regressors. If the model is correctly specified (in
particular, each observation (i, ) being independent), then E[—£¢" (8)] " = E [[ee (B)] e (8)]] and

the formula reduces to:

v (3] x) =5 - 017! .5



In this part, you will show that E[—¢¢” (3)] ' = E [[e¢' (B)]' [¢¢' (B)]] for the case of the static pooled
logit model. Using the expressions in parts (i) and (ii) above, show that if each observation (i,t) is
independent, the jth row and kth column of the outer product of the gradient vector equals the negative

of the corresponding element of the Hessian matrix in expectation:

N T
] ZZGXP mﬁ LitjTitk
2

i=1 t=1 1 + exp (z,08)]

0200 (B3)
85] aﬂk

[ ot (B) O

o5, 7 ‘X"} ‘E[

Solution

(i)

o0 B) _ i i (1 +exp (@ ;tm) [1+ exp ()] exp (yu@yuB) Yisin; — XD (yarwyyB) exp (T B) Tty
9B; o\ &Xp (yiex},B) [1+exp (w;tﬁ)]z
N T
B [1+ exp (x;8)] yitwit; — exp (x},8) Tit;
- Z Z [+ exp (,8)]
B N T 1 —exp (x},8)
=22 v P (o) O ) e
Qg 1 — exp (},8) exp (z/,8)
- g g [y (1 T exp <w;tﬁ>) Titep@,B)] T+ exp e Ztﬁﬂ
Y& exp (x,03)
— L Ut 2 S 1 LV
N ; ; (y” L+ exp <w;tﬂ>>
(ii)
0% (B XN: ZT: 1+ exp (2},8)] exp (€}, 8) Titjxitr, — exp (x,B) exp (z},8) Tit; itk
aﬁjﬁk L L [1 + exp (x,8)]”

N T
ZZ €x WB xztjl'ztk

oo Ltexp(z ztﬁ)]

(iii)

ovv (,6) ove (,8) _
E{ 96; 0P ’X’ﬂ}‘

N T N T
€Xp (T; /@ P (w/.Sﬁ)
E lzzxit]’ (yit ]M) szjsk (yjs - lJrexp(]cc;Sﬁ)> ‘ X”B]

i=1 t=1 j=1s=1



This is a sum of (N x T)? terms. If i # j or ¢ # s (or both), then one element of the sum is:

E exp (x4 03)

Titj (yit -

T 7 7 A\ xsk y‘S_
1+exp(m;tﬂ)) ’ (j

exp (a:;.S,B) x
1+ exp (w;sﬁ) ) ‘ B

—E exp (5,6) exp («,3)
= B\ TitjTjskYitYjs — xitjzjskyitm itjxjskyjsm
it
exp (z4,8) _ oxp ( ) ‘
+ Xt T4 X }
T exp (2, 8) 1+eXp o
exp(m,’”,ﬁ)

Each observation is independent. Since E [y |z, 8] =

To see this:

E [z jskyityjs| X, B]

exp (w’»s,@)
E lxitjxjskyitw—‘ X, ﬁ‘|
js

exp (x},8)
E {Iitjxj%yjsl—&—exp(taz’ﬁ)_ X.,B
it

So now we are left with:

e (B) 0L (B) } B
IE{ 93, b ‘X,ﬁ =E

i=1 t=1

Consider one element of the sum:

+ Tt Titk (1 -

2
exp (x},8)
E | 2isms i o S A
[zzt]xztk <yzt 1+ exp (w;tﬂ>
This is:
[exp (2,8)] 1

LitjLitk

[1+ exp («,8)] [1 + exp (z,8)]

{1+ exp (2,8)]

[1+ exp (},8)]°
exp (x},8)

[1+ exp (z/,8))”

= Tit; ek [exp (},3)]
= Titj Titk
Taking all terms together:

N T
E E TitjLitk (yit -
i=1 t=1

exp (x},8)

= XitjTjsk
= TitjTjsk

= TitjTjsk

mit7ﬂ‘| =TitjTitk <0 —

+ Tt Titk

————~all these terms cancel in expectation.
1+cxp(m“ﬂ)

exp (@},8) _ exp (2.8)
1+ exp (2,8) 1 + exp (m;sﬁ)
exp (z403) €xXp (mgs,ﬁ)

1 +exp (2},8) 1 + exp (2,0)
exp (z},3) €Xp (w;sﬁ)
1+ exp (z};8) 1 + exp (,8)

A exp (z,8) \°
Z Zl’itjxitk <yit - H—e){p(ﬁ:i,@) ‘ X,ﬁ}

exp (@/,8) > L

1+exp(x,8)/) 1+ exp(x,08)
exp («,) ) exp («,3)

1+exp(2,8)/) 1+exp(x,03)

1 exp (z;03)
[1 + exp (x,8)]* 1 + exp (=},3)

exp (7, 8)
Litj Iztl@ ; D)
1 1+ exp (x7,8)]

=1 t=



