Note on the continuity of the fixed-point function in the existence proof

In our proof of the existence of equilibrium we said that if z; (p), then the function: f: A — A:

pe+max {0,z (p)} }L
=1
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fp)={fi(P)li = {1 + Zle max {0, zx (p)}
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is also continuous. We gave some informal argumentation as to why this should be, namely, that
both the numerator and denominator of the fraction is continuous, the denominator is bounded
away from zero (because of the +1), so the whole fraction is continuous. In this note, I give a

formal proof of the continuity of f (p).
Proposition 1. If each z, (p) is continuous for all p € A, then f (p) is continuous at any p € A.
That is, for every € > 0 there exists a d > 0 such that ||p’ — p|| < & implies ||f (p’) — f (p)|| < e.

Proof. We break the proof up into a sequence of steps. We write the fraction as f; (p) = 9,1"((5)) and

show separately that g, (p) and h (p) are continuous and h (p) is bounded away from zero. With

these results we then show that the entire fraction is continuous.

Step 1: g, (p) = pr + max {0,z, (p)} is continuous.
We first write:

lge (P") = g¢ (Pl
= |Ip; + max {0, z; (p")} = (pr + max {0,z (p)})||
= ||py — pe + max {0,z; (p")} — max {0, z; (p)}||

For max {0, z, (p’)} — max {0, z, (p)} there are 4 possible cases:
e z;(p') <0and z, (p) < 0= max{0,z, (p')} — max{0,z, (p)} = 0.
e z;(p)>0and z;, (p) < 0= max{0,z, (p’)} —max {0,z, (p)} = z, (p’).

« z(p') <0and z, (p) > 0 = max{0,z, (p)} — max {0,z (p)} = —z, (p).

* z;(p') > 0and z; (p) > 0 = max {0,z (p')} —max {0,z (p)} = z¢ (p') — z¢ (p).

For small changes p to p’, however, z, (p’) and z, (p) will have the same sign (by the



STEP 2:

STEP 3:

continuity of z; (p)). Therefore for small || p” — p|| we can write:

llge (P") = g¢ ()|
= |Ip; + max {0, z; (p')} — (p¢ + max {0,z (p)})l
= |Ip; — pe + max {0,z¢ (p') — z¢ ()}l

By the continuity of z, (p), for all ¢ > 0 there exists a 8¢ > 0 such that lp" - pll < S¢
implies that ||z, (p")—z, (p)|l < 5. This further implies that [|max {0, z; (p") — z¢ (p)}|| <
£. Moreover, [[p’ — p|| < (FS; implies that [[p} — p,|| < g[.l By the triangle inequality:

1P = pe + max {0, z¢ (p") — z¢ (P)} < llpe — pell + Imax {0,z (p”) — z¢ (p)} ]
N—

<5~[ <ef2

Take §; = min {gg 5/2}. Then: ||p’ — p|| < &, implies that:

Ige (P') = ge (P)II < 1Ip; = pell + [Imax {0, z¢ (p') — ze (p)}| < €

N— e
<p<e/2 <e/2

Therefore g, (p) is continuous. This holds forall £ = 1,..., L.

h(p)=1+ ZIIS=1 max {0, zx (p)} is continuous.

Here we use that h (p) = Z%:l gr (p), the sum of continuous functions. By the continuity
of each g, (p), for all ¢ > 0, there exists a §; > 0 such that ||p’ — p|| < , implies that
lge (P') — ge (p)|| < /L. Take § = min{dy,...,0;}. By iterative use of the triangle
inequality, for ||p" — pl| < ¢:

L L
12 = k(DI = D" (9 () - 9 (oD || < D lar () - e ()]l <&
=1 =1

<e/L
Therefore h (p) is continuous.

h (p) is bounded away from 0.

h(p) is the sum of non-negative terms plus one. Therefore for all values of p € A

~ 2 - 2
ITo see this, || p’ — pl| < & is the same as y/ X5 _, (p,’( - pk) < 8. Squaring both sides gives Y5_, (p,’c - pk) < 6.

2
The left-hand size is the sum of squared (positive) terms. Thus each individual (p]'C - pk) must be smaller than 57

for all k. So |p2, —pg| < gg



h(p) > 0.

StEP 4: g, (p) /h (p) is continuous.
We split this step into 2. We first show that ﬁp) is continuous at any p € A. We then
show that g, (p) X ﬁp) is continuous (i.e. the product of two continuous functions is

continuous).

By the continuity of h (p), if we take ¢ = %Hh (p)|l, there exists a d; such that ||p’— p|| <
61 implies that

Ih ()~ k(P < S IR ()]

By the reverse triangle inequality:

IR (p") = h ()]l = [l (Pl = [k ()]

Putting these together:

B (oI = 1k ()l < S ()

So: . 3
Ellh(P)H <[lh (Pl < §||h(P)||

Therefore:
1 2

<
lh (eIl Il (p)l
By the continuity of & ( p), if we take ¢ = %Hh (p)|?, there exists a §, such that || p’— p|| <

61 implies that
, 1
Ik (p") =R (Pl < Ellh(P)llzf

Take § = min {81, 92} ||p” — pl| < & implies that

11 (k@ =h@)|_[h(p) =k P)I _ Ih(p) —h(p)Il _, lIh(p) —h(pII
h(p’) h(p) h(p)h(p’) IR ()R ()1l IR (PR ()] IR ()l (P
Continuing:

<zllh(p)|I%e
11 LN (p) —h (Pl
h(p’) h(p) Ik ()12

Therefore ﬁp) is continuous.

We now define E( p) = % (p) which we know now to be continuous. Our final step is to
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show that g, (p) h( p) is continuous.

We can write:

9 (VR (P) — gt (0 R (p) |
- ng (P)h(p) = ge (p) B (p)+9: (P) i (p) — ge (p) b (p) H
=|loe 2[R 0) - B (@] + 7 () Lge (8) ~ 90 (2] |

< [l -E o | + [ o) |[lge 2 - 90 (o0

gc (p")

By the continuity of g, (p), there exists a ; such that || p’—p|| < J; implies that ||g, (p’)—
gr (p)|| < 1. Then:

1ge (PN = 11ge (P) = ge () + g (P < llge (PN + 1lge (P') — ge (P

<1

So lge (P)II < 1+1lge (p)I.

By the continuity of E( P), there exists a §, such that || p’ — p|| < §; implies that ||E( p)-
Kl < 5 [1+llge ()"

By the continuity of g, (p), there exists a 5 such that || p’— p|| < J; implies that ||g, (p’)—
g ()l < 5 [IR ()]

Take § = min {81, 92, 3}. Then ||p’ — p|| < § implies that

9 (P (p) = ge ()R (p) |
< [1 + ng (p) H] Hﬂﬂ) ~h(p) H +))ﬁ(p) H Hgf (») -9 (p) H

<5[1+llge(pI1 ™ <§[||E(p)||]7l
<e

Therefore g, (p) E( p) is continuous, which implies that ‘Zf((;; is continuous.




