
Note on the continuity of the fixed-point function in the existence proof

In our proof of the existence of equilibrium we said that if 𝑧ℓ (𝒑), then the function: 𝒇 : Δ → Δ:

𝒇 (𝒑) = {𝑓ℓ (𝒑)}𝐿ℓ=1 =
{

𝑝ℓ +max {0, 𝑧ℓ (𝒑)}
1 +∑𝐾

𝑘=1max {0, 𝑧𝑘 (𝒑)}

}𝐿
ℓ=1

where:

Δ =

{
𝒑 ∈ R𝐿+ :

𝐿∑︁
ℓ=1

𝑝ℓ = 1
}

is also continuous. We gave some informal argumentation as to why this should be, namely, that
both the numerator and denominator of the fraction is continuous, the denominator is bounded
away from zero (because of the +1), so the whole fraction is continuous. In this note, I give a
formal proof of the continuity of 𝒇 (𝒑).

Proposition 1. If each 𝑧ℓ (𝒑) is continuous for all 𝒑 ∈ Δ, then 𝒇 (𝒑) is continuous at any 𝒑 ∈ Δ.
That is, for every 𝜀 > 0 there exists a 𝛿 > 0 such that ∥𝒑′ − 𝒑∥ < 𝛿 implies ∥𝒇 (𝒑′) − 𝒇 (𝒑)∥ < 𝜀.

Proof. We break the proof up into a sequence of steps. We write the fraction as 𝑓ℓ (𝒑) = 𝑔ℓ (𝒑)
ℎ(𝒑) and

show separately that 𝑔ℓ (𝒑) and ℎ (𝒑) are continuous and ℎ (𝒑) is bounded away from zero. With
these results we then show that the entire fraction is continuous.

Step 1: 𝑔ℓ (𝒑) = 𝑝ℓ +max {0, 𝑧ℓ (𝒑)} is continuous.
We first write:

∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)∥
= ∥𝑝′ℓ +max {0, 𝑧ℓ (𝒑′)} − (𝑝ℓ +max {0, 𝑧ℓ (𝒑)})∥
= ∥𝑝′ℓ − 𝑝ℓ +max {0, 𝑧ℓ (𝒑′)} −max {0, 𝑧ℓ (𝒑)}∥

For max {0, 𝑧ℓ (𝒑′)} −max {0, 𝑧ℓ (𝒑)} there are 4 possible cases:

• 𝑧ℓ (𝒑′) ≤ 0 and 𝑧ℓ (𝒑) ≤ 0 =⇒ max {0, 𝑧ℓ (𝒑′)} −max {0, 𝑧ℓ (𝒑)} = 0.

• 𝑧ℓ (𝒑′) > 0 and 𝑧ℓ (𝒑) ≤ 0 =⇒ max {0, 𝑧ℓ (𝒑′)} −max {0, 𝑧ℓ (𝒑)} = 𝑧ℓ (𝒑′).

• 𝑧ℓ (𝒑′) ≤ 0 and 𝑧ℓ (𝒑) > 0 =⇒ max {0, 𝑧ℓ (𝒑′)} −max {0, 𝑧ℓ (𝒑)} = −𝑧ℓ (𝒑).

• 𝑧ℓ (𝒑′) > 0 and 𝑧ℓ (𝒑) > 0 =⇒ max {0, 𝑧ℓ (𝒑′)} −max {0, 𝑧ℓ (𝒑)} = 𝑧ℓ (𝒑′) − 𝑧ℓ (𝒑).

For small changes 𝒑 to 𝒑′, however, 𝑧ℓ (𝒑′) and 𝑧ℓ (𝒑) will have the same sign (by the
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continuity of 𝑧ℓ (𝒑)). Therefore for small ∥𝒑′ − 𝒑∥ we can write:

∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)∥
= ∥𝑝′ℓ +max {0, 𝑧ℓ (𝒑′)} − (𝑝ℓ +max {0, 𝑧ℓ (𝒑)})∥
= ∥𝑝′ℓ − 𝑝ℓ +max {0, 𝑧ℓ (𝒑′) − 𝑧ℓ (𝒑)}∥

By the continuity of 𝑧ℓ (𝒑), for all 𝜀 > 0 there exists a 𝛿ℓ > 0 such that ∥𝒑′ − 𝒑∥ < 𝛿ℓ

implies that ∥𝑧ℓ (𝒑′)−𝑧ℓ (𝒑)∥ < 𝜀
2 . This further implies that ∥max {0, 𝑧ℓ (𝒑′) − 𝑧ℓ (𝒑)}∥ <

𝜀
2 . Moreover, ∥𝒑′ − 𝒑∥ < 𝛿ℓ implies that ∥𝑝′ℓ − 𝑝ℓ ∥ < 𝛿ℓ .1 By the triangle inequality:

∥𝑝′ℓ − 𝑝ℓ +max {0, 𝑧ℓ (𝒑′) − 𝑧ℓ (𝒑)}∥ ≤ ∥𝑝′ℓ − 𝑝ℓ ∥︸     ︷︷     ︸
<𝛿ℓ

+ ∥max {0, 𝑧ℓ (𝒑′) − 𝑧ℓ (𝒑)}∥︸                             ︷︷                             ︸
<𝜀/2

Take 𝛿ℓ = min
{
𝛿ℓ , 𝜀/2

}
. Then: ∥𝒑′ − 𝒑∥ < 𝛿ℓ implies that:

∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)∥ ≤ ∥𝑝′ℓ − 𝑝ℓ ∥︸     ︷︷     ︸
<𝛿ℓ≤𝜀/2

+ ∥max {0, 𝑧ℓ (𝒑′) − 𝑧ℓ (𝒑)}∥︸                             ︷︷                             ︸
<𝜀/2

< 𝜀

Therefore 𝑔ℓ (𝒑) is continuous. This holds for all ℓ = 1, . . . , 𝐿.

Step 2: ℎ (𝒑) = 1 +∑𝐿
𝑘=1max {0, 𝑧𝑘 (𝒑)} is continuous.

Herewe use thatℎ (𝒑) = ∑𝐿
ℓ=1 𝑔ℓ (𝒑), the sum of continuous functions. By the continuity

of each 𝑔ℓ (𝒑), for all 𝜀 > 0, there exists a 𝛿ℓ > 0 such that ∥𝒑′ − 𝒑∥ < 𝛿ℓ implies that
∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)∥ < 𝜀/𝐿. Take 𝛿 = min {𝛿1, . . . , 𝛿𝐿}. By iterative use of the triangle
inequality, for ∥𝒑′ − 𝒑∥ < 𝛿 :

∥ℎ (𝒑′) − ℎ (𝒑)∥ =



 𝐿∑︁
ℓ=1

(𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑))



 ≤ 𝐿∑︁

ℓ=1
∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)∥︸                ︷︷                ︸

<𝜀/𝐿

< 𝜀

Therefore ℎ (𝒑) is continuous.

Step 3: ℎ (𝒑) is bounded away from 0.
ℎ (𝒑) is the sum of non-negative terms plus one. Therefore for all values of 𝒑 ∈ Δ

1To see this, ∥𝒑′−𝒑∥ < 𝛿ℓ is the same as
√︂∑𝐿

𝑘=1

(
𝑝′
𝑘
− 𝑝𝑘

)2
< 𝛿ℓ . Squaring both sides gives

∑𝐿
𝑘=1

(
𝑝′
𝑘
− 𝑝𝑘

)2
< 𝛿2ℓ .

The left-hand size is the sum of squared (positive) terms. Thus each individual
(
𝑝′
𝑘
− 𝑝𝑘

)2
must be smaller than 𝛿2ℓ

for all 𝑘 . So
��𝑝′ℓ − 𝑝ℓ �� < 𝛿ℓ .
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ℎ (𝒑) > 0.

Step 4: 𝑔ℓ (𝒑) /ℎ (𝒑) is continuous.
We split this step into 2. We first show that 1

ℎ(𝒑) is continuous at any 𝒑 ∈ Δ. We then
show that 𝑔ℓ (𝒑) × 1

ℎ(𝒑) is continuous (i.e. the product of two continuous functions is
continuous).

By the continuity of ℎ (𝒑), if we take 𝜀 = 1
2 ∥ℎ (𝒑)∥, there exists a 𝛿1 such that ∥𝒑

′−𝒑∥ <
𝛿1 implies that

∥ℎ (𝒑′) − ℎ (𝒑)∥ < 1
2 ∥ℎ (𝒑)∥

By the reverse triangle inequality:

∥ℎ (𝒑′) − ℎ (𝒑)∥ ≥ |∥ℎ (𝒑′)∥ − ∥ℎ (𝒑)∥ |

Putting these together:

|∥ℎ (𝒑′)∥ − ∥ℎ (𝒑)∥ | < 1
2 ∥ℎ (𝒑)∥

So:
1
2 ∥ℎ (𝒑)∥ < ∥ℎ (𝒑′)∥ < 3

2 ∥ℎ (𝒑)∥

Therefore:
1

∥ℎ (𝒑′)∥ <
2

∥ℎ (𝒑)∥

By the continuity ofℎ (𝒑), if we take 𝜀 = 1
2 ∥ℎ (𝒑)∥

2, there exists a 𝛿2 such that ∥𝒑′−𝒑∥ <
𝛿1 implies that

∥ℎ (𝒑′) − ℎ (𝒑)∥ < 1
2 ∥ℎ (𝒑)∥

2𝜀

Take 𝛿 = min {𝛿1, 𝛿2}. ∥𝒑′ − 𝒑∥ < 𝛿 implies that




 1
ℎ (𝒑′) −

1
ℎ (𝒑)






 =





ℎ (𝒑) − ℎ (𝒑′)
ℎ (𝒑) ℎ (𝒑′)






 = ∥ℎ (𝒑) − ℎ (𝒑′)∥
∥ℎ (𝒑) ℎ (𝒑′)∥ =

∥ℎ (𝒑) − ℎ (𝒑′)∥
∥ℎ (𝒑)∥∥ℎ (𝒑′)∥ < 2 ∥ℎ (𝒑) − ℎ (𝒑

′)∥
∥ℎ (𝒑)∥∥ℎ (𝒑)∥

Continuing: 




 1
ℎ (𝒑′) −

1
ℎ (𝒑)






 < 2

< 1
2 ∥ℎ(𝒑)∥

2𝜀︷              ︸︸              ︷
∥ℎ (𝒑) − ℎ (𝒑′)∥

∥ℎ (𝒑)∥2 < 𝜀

Therefore 1
ℎ(𝒑) is continuous.

We now define ℎ̃ (𝒑) = 1
ℎ
(𝒑) which we know now to be continuous. Our final step is to
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show that 𝑔ℓ (𝒑) ℎ̃ (𝒑) is continuous.

We can write:


𝑔ℓ (𝒑′) ℎ̃ (𝒑′) − 𝑔ℓ (𝒑) ℎ̃ (𝒑)





=




𝑔ℓ (𝒑′) ℎ̃ (𝒑′) − 𝑔ℓ (𝒑′) ℎ̃ (𝒑) + 𝑔ℓ (𝒑′) ℎ̃ (𝒑) − 𝑔ℓ (𝒑) ℎ̃ (𝒑)





=




𝑔ℓ (𝒑′)
[
ℎ̃ (𝒑′) − ℎ̃ (𝒑)

]
+ ℎ̃ (𝒑) [𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)]





≤



𝑔ℓ (𝒑′)







ℎ̃ (𝒑′) − ℎ̃ (𝒑)



 + 


ℎ̃ (𝒑) 





𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)





By the continuity of𝑔ℓ (𝒑), there exists a 𝛿1 such that ∥𝒑′−𝒑∥ < 𝛿1 implies that ∥𝑔ℓ (𝒑′)−
𝑔ℓ (𝒑)∥ < 1. Then:

∥𝑔ℓ (𝒑′)∥ = ∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑) + 𝑔ℓ (𝒑)∥ ≤ ∥𝑔ℓ (𝒑)∥ + ∥𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)∥︸                ︷︷                ︸
<1

So ∥𝑔ℓ (𝒑′)∥ < 1 + ∥𝑔ℓ (𝒑)∥.

By the continuity of ℎ̃ (𝒑), there exists a 𝛿2 such that ∥𝒑′−𝒑∥ < 𝛿1 implies that ∥ℎ̃ (𝒑′) −
ℎ̃ (𝒑)∥ < 𝜀

2 [1 + ∥𝑔ℓ (𝒑)∥]−1.

By the continuity of𝑔ℓ (𝒑), there exists a 𝛿3 such that ∥𝒑′−𝒑∥ < 𝛿1 implies that ∥𝑔ℓ (𝒑′)−
𝑔ℓ (𝒑)∥ < 𝜀

2

[
∥ℎ̃ (𝒑)∥

]−1
.

Take 𝛿 = min {𝛿1, 𝛿2, 𝛿3}. Then ∥𝒑′ − 𝒑∥ < 𝛿 implies that




𝑔ℓ (𝒑′) ℎ̃ (𝒑′) − 𝑔ℓ (𝒑) ℎ̃ (𝒑)





≤
[
1 +




𝑔ℓ (𝒑) 


] 


ℎ̃ (𝒑′) − ℎ̃ (𝒑)



︸               ︷︷               ︸

< 𝜀
2 [1+∥𝑔ℓ (𝒑)∥]

−1

+



ℎ̃ (𝒑) 


 


𝑔ℓ (𝒑′) − 𝑔ℓ (𝒑)




︸                 ︷︷                 ︸
< 𝜀

2

[
∥ℎ̃(𝒑)∥

]−1
< 𝜀

Therefore 𝑔ℓ (𝒑) ℎ̃ (𝒑) is continuous, which implies that 𝑔ℓ (𝒑)
ℎ(𝒑) is continuous.

□
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